We investigate the influence of a weak uniform field e on chaotic maps which in the absence of the field generate subdiffusion. The field breaks the symmetry of the maps and leads to a net drift. A crossover from an anomalous type of motion, valid at short times, to a normal behavior, at long times is found for any finite field. The diffusion coefficient behaves as D͑e͒ ϳ e g where g depends on a single parameter of the map. [S0031-9007(97) 
Deterministically generated diffusion is by now well established, displaying both normal and anomalous behaviors [1] [2] [3] . Such diffusion can be found in Hamiltonian and in dissipative dynamical systems. Probably the simplest dynamical systems which produce normal and anomalous diffusional behaviors are one-dimensional iterated maps, which generate sets of trajectories according to a rule x n11 ϵ x n 1 F͑x n ͒. Most of the previous related work [4] [5] [6] [7] [8] concentrated on maps with the symmetry properties: (1) F͑x͒ is periodic with a periodicity interval set to 1, F͑x͒ F͑x 1 N͒, where N is an integer. (2) F͑x͒ has an inversion antisymmetry; namely, F͑x͒ 2F͑2x͒. Under certain conditions these maps lead to a mean squared displacement (MSD) with ͗x 2 ͑t͒͘ ϳ t d , and d depends on a single parameter of the map. The study of these maps was motivated by assuming that they capture essential features of a driven damped motion in periodic potentials [4] [5] [6] [7] . The symmetry properties of the maps guarantee that for a properly chosen set of initial conditions no net drift exists, so that ͗x͑t͒͘ 0. In spite of their simplicity these iterated maps help in understanding complex motion in systems with trajectories that resemble those observed in experiments [9, 10] .
It is well known that for classical diffusion, described, for example, by the Fokker-Planck equation, the addition of a weak uniform bias generates a net drift. In a similar way we break the symmetry of the map by adding a uniform bias e,
The field e corresponds to a homogeneous, time and space independent, modification of the force F͑x͒. We expect that such biased maps will play an important role in modeling biased chaotic dynamics. Previous work considered other types of fields e which break the symmetry of the maps. These include time dependent noise [11] , and quenched disorder [12] . For these perturbations no net drift exists. Trefán et al. [13] have considered a nonlinear and nonuniform perturbation which breaks the symmetry of the map. They have demonstrated a change from enhanced to regular behavior [14] . Radons [12] has recently shown that the addition of quenched disorder suppresses diffusion. Here we show that an external uniform bias can enhance diffusion. Geisel and Thomae [6] considered a rather wide family of such maps which behave as
where z . 1. The parameter z determines the universality class of the process. We use the map
investigated previously for the case e 0 in Ref. [8] . Equation (3) together with the symmetry properties of F͑x͒, which were specified earlier, define the mapping for all x. In Fig. 1 we show the map for three boxes. Notice that if one chooses randomly and uniformly a point x n on the horizontal axis, then there is a probability greater than 1͞2 that x n11 2 x n . 0. This symmetry breaking is the cause of the drift found here. In an ongoing process a walker following the iteration rule in Eqs. (1) and (2) may get stuck for long periods of time close to the unstable fixed points of the map. For an ensemble of such walkers, and when e 0, it has been shown, both analytically and numerically [6] , that the probability density function (PDF) c͑t͒ of escape times of trajectories from the vicinity of the fixed points decays as a power law. It is therefore of interest to investigate the dynamics of the weakly biased maps close to these unstable fixed points, when e fi 0.
Since the map has a periodic shift symmetry, it is sufficient to consider the fixed point x ‫ء‬ in the vicinity of x 0. For e $ 0 the fixed point satisfies x ‫ء‬ 2͑ e a ͒ 1͞z # 0. Close to x ‫ء‬ the increment x n11 2 x n is small, and so we approximate the map by the differential equation dx͞dt F͑x͒ 1 e. Since the fixed point is unstable, a particle initially situated to the right (left) of the fixed point at
where i L or R. From Eq. (4) one can show that for e fi 0 the right and left escape times are not identical, even when the lengths of intervals over which the walkers are escaping are equal. In what follows we shall consider first the right escape time t R . Inserting the explicit expression for F͑x͒ in Eq. (4), we obtain the asymptotic behavior of t R by the method of integration by parts,
where dx R ϵ x R ͑0͒ 2 x ‫ء‬ . 0 is the initial displacement from the fixed point. Equation (5) is valid for dx R ø jx ‫ء‬ j ø b R . During the evolution of the system walkers are injected close to the vicinity of fixed points. The PDF of the right escape times c R ͑t R ͒ is related to the unknown PDF of the injection points
x ‫ء‬ , and using Eq. (5), we obtain to lowest order approximation
with a͑e͒ za 1͞z e ͑z21͒͞z .
c 1 in Eq. (6) depends on the PDF of injection points.
Equations (6) and (7) show a slowing down of the escape process when the field strength is decreased. The exponential relaxation of c R ͑t R ͒ replaces the power law behavior [6] in the case e 0, c e0 ͑t͒ ϳ 1͞t z͑͞z21͒ .
The exponential asymptotic behavior of c R ͑t R ͒ guarantees that for any small but finite bias all moments of the escape times exist, and this in turn has a strong effect on the diffusion. We emphasize that this result is general and is valid for other maps satisfying Eq. (2). We have checked numerically the prediction in Eq. (6) for z 4. An ensemble of trajectories was produced with initial conditions uniformly distributed in the interval ͑0, 1͒. The results in Fig. 2 show good agreements between Eq. (6) and numerical simulations. Note that for short times the PDF of escape times behaves as a power law Eq. (8). Thus, following the process for not sufficiently long time may lead to the wrong conclusion that the PDF behaves as a power law even in the presence of the field. We now investigate the field dependence of ͗t R ͘, since both the drift ͗x͑t͒͘ and the MSD ͗x 2 ͑t͒͘ depend on the mean escape time. Assuming a uniform PDF of injection points, the asymptotic behavior of ͗t R ͘, when b R ͞jx ‫ء‬ j ¿ 1, is
with the numerical factor
For z . 2, and e 0, ͗t R ͘ does not exist, which leads to the dispersive motion. Equation (9) shows that for small fields ͗t R ͘ diverges as a power law with an exponent depending only on the parameter z. As expected for z , 2, ͗t R ͘ is independent of the weak field.
FIG. 2.
The solid and the short dashed curves show the theoretical prediction Eq. (6) for e 10 24 and e 10 23 , respectively. The long dashed curve is the power law behavior Eq. (8) . From the numerical data we find a͑e 10 23 ͒ 0.0449 6 0.0006, while the theoretical prediction gives a 0.044 98, and a͑e 10 24 ͒ 0.008 01 6 0.000 08 while the theory predicts a 0.008.
The bias e breaks the symmetry of the map and therefore the left escape time t L behaves differently than t R . However, it is easy to show that the asymptotic, large t L , behavior of the PDF of the escape times c L ͑t L ͒ decays exponentially with the rate a͑e͒ defined in Eq. (7). The average left escape time ͗t L ͘ has the same asymptotic e dependence as ͗t R ͘, however, generally ͗t R ͘ fi ͗t L ͘. A more detailed account on the left and right escape times will be given elsewhere [15] .
For the case e 0, it has been shown [6, 8] that the statistical properties of the generated trajectories are well described by the continuous time random walk model (CTRW) [16, 17] . Briefly, the decoupled CTRW model used to analyze the trajectories describes a random walker hopping from site to site, with a distribution of escape times from each site given by the PDF c͑t͒. In this CTRW model the jump length and its direction are decoupled from the escape times. As we have shown here, when e fi 0 the PDFs of escape times depend on the direction (L or R) to which the walker escapes. Thus, when a field is switched on, a coupling between the escape times and the direction of escape exists, and so the decoupled CTRW is not expected to be a valid description of the stochastic properties of the trajectories.
We introduce a coupled memory C͑x, t͒ which is the PDF that a transition of displacement x occurs at time t after a previous step. We use a random walk on a lattice with
Here P R ͑P L 1 2 P R ͒ is the (unknown) probability in an ongoing process that a particle is injected to the R ͑L͒ of a fixed point. The Laplace-Fourier transform of P͑x, t͒, which is the PDF to be at x at time t, is [18, 19] P͑k, u͒ 1 1 2 P RĉR ͑u͒ exp͑ik͒ 2 P LĉL ͑u͒ exp͑2ik͒
whereĉ i ͑u͒ is the Laplace transform of c i ͑t i ͒. From Eq. (12) we obtain the long time behavior of the drift
with the mean escape time ͗t͘ ϵ
The nondiverging first two moments of the escape times guarantee that the variance is
with
We see that the dispersive diffusion found for e 0 turns into normal diffusion for any small but finite e, and for long enough times. For short times the power law behavior of the PDF, demonstrated in Fig. 2 , leads to an anomalous behavior of s 2 ͑t͒ for short times. This crossover from subdiffusive to normal type of motion is observed in Fig. 3 . Log ͑s 2 ͒ vs log͑t͒ is displayed for different values of the bias. Two types of behaviors are found: (1) For e 0 s 2 ͑t͒ ϳ t 1͞z21 , as predicted and observed previously in [6] . (2) For e 0.001 the behavior s 2 ͑t͒ ϳ t is found for long times, as predicted here. The larger is the applied bias the shorter is the transition time to normal behavior. We have also verified numerically that for long times the mean displacement ͗x͑t͒͘ increases linearly with time as predicted in Eq. (13) , and has a nonlinear dependence on the strength of the field.
The probabilities P L and P R are determined by the way the walkers are injected to the vicinity of the fixed points. We therefore expect these probabilities to depend on the detailed shape of the map, and not only on the behavior of the map close to the fixed points. Hence, these probabilities are nonuniversal. When e 0 we expect, from symmetry, that P L P R 0.5 and alsoĉ R ͑u͒ c L ͑u͒ ϵĉ͑u͒. For this case Eq. (12) is identical to results found previously [8] .
To find the e dependence of the diffusion coefficient we consider Eq. (14) for small e (but for long enough times). We assume P R P L 0. 5 
As expected, for z , 2 the diffusion constant is independent of e (since we know that D is finite when e 0). For z . 2 the diffusion constant, which vanishes when e 0, shows a power law dependence on the weak external field as displayed in Fig. 4 . To conclude, we have examined the influence of a uniform bias on the dynamics generated by iterating onedimensional maps. After a crossover time the inverse power law nature of the waiting time PDF is lost. An exponential decay is found for any small but finite bias e. The weak uniform bias breaks the symmetry of the system and leads therefore to a net averaged drift. Since the power law behavior of the PDF manifests itself in anomalous diffusion when z $ 2, the presence of the bias destroys this behavior and regular transport appears at long times for all z. The mean escape times and the diffusion coefficient show a power law dependence on the external field with exponents that depend only on the parameter z.
